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An Experimental Investigation of the Stability
of a Thin Liquid Layer Adjacent to a Supersonic Stream

WILLIAM S. SARIC* AND BILLY W. MARSHALL f
Sandia Laboratories, Albuquerque, N. Mex.

The experiments to study the interface response of a liquid film with a concurrent supersonic
airflow were conducted at freestream Mach numbers of 4.95 and 7.3 with stagnation pressures
of 3.4, 6.8, and 17.0 atm. A sphere-cone and a blunt wedge were used as test configurations.
The liquid layer Reynolds number jR, based on interface velocity and liquid depth, ranged from
approximately 0.3 to 300.0 as the thickness ranged independently from 0.01 to 0.05 cm. The
nondimensional wave speed was found to decrease monotonically with increasing R from a
value greater than the interface velocity ("fast" waves) to a value lower than the interface
velocity ("slow" waves). The transition from fast waves to slow waves appeared to occur at a
Reynolds number near 100. The dependence of wavelength and wave speed on Reynolds num-
ber, shear stress, Mach number, and depth are given. In the small Reynolds number range,
the results are compared with a long wave analysis to show the destabilizing effects of Reyn-
olds number and shear stress. In the high Reynolds number range, the results are compared
with an analysis based on a Tollmien-Schlichting instability mechanism.

Nomenclature
c = dimensionless wave speed: V/U
Cf — skin-friction coefficient: Eq. (6d)
Ci = dimensionless amplification rate
cr = same as c
F = Froude number: U2/gh
G = reciprocal Froude number: l/F
g = body force per unit mass, cm/sec2

h = liquid layer depth, cm
M = Mach number
Q — volumetric flow rate, mliter/sec
R = liquid Reynolds number: Uh/v
T = reciprocal Weber number: az/W
U = interface velocity, cm/sec
C/oo = freestream velocity
V = dimensional wave speed, cm/sec
W = Weber number PUzh/o-
a = dimensionless wave number: 2wh/\
otc = cutoff wave number: d = 0
A = pressure perturbation: Eq. (6c)
X = wavelength, cm
v — liquid kinematic viscosity, cm2/sec
p = liquid density, g/mliter
Poo = freestream density, g/mliter
a- = surface tension, dyne/cm
T = interface shear stress, dyne/cm2

1. Introduction

THE feasibility of using a transpiration cooling system to
insure the maintenance of re-entry vehicle geometry and

structural integrity from the effects of aerodynamic heating-
has received considerable interest recently. Essentially, the
technique consists of injecting a liquid coolant in the stagna-
tion region of a body and allowing the liquid to be swept back
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over the body, providing a protective liquid layer. Because
of the consequences of losing this protection, the hydrody-
namic stability of such a layer is of particular interest.

The character of the re-entry environment is such that the
injected liquid is driven back by the shear forces exerted by
the gas at the liquid-gas interface in the presence of heat and
mass transfer at this interface. For certain parameters char-
acterizing the liquid-gas flow, a wave motion will be initiated
and subsequent liquid drop removal can occur. Gater and
L'EcuyeT1 have shown with a nearly incompressible gas flow
that when this wave motion has occurred, the dominant
liquid layer mass loss mechanism is the entrainment of liquid
droplets into the airstream. Gold and his co-workers2'3 have
made calculations for the length of liquid layers on flat plates
and sphere-cones at angle of attack using the subsonic results
in the supersonic case.

The experiments reported on here were initiated in order to
characterize in a fundamental way the response of a liquid
layer interacting with a supersonic gas stream. This response
is observed through the absence or presence of waves along
with their shapes (two- or three-dimensional) and speeds
(slower or faster than the interface velocity), thereby pro-
viding data on the nature of the interface as a function of
liquid layer thickness, Reynolds number, Mach number and
gas shear stress.

The interaction of an external gas with a liquid interface
produces two important effects. The first is the establish-
ment of a velocity profile in the liquid via an equilibrium force
balance of the shear stress at the liquid-gas interface. The
second effect is the initiation of perturbations in the normal
and tangential stresses exerted by the gas on the interface due
to the appearance of waves. Whereas the former effect can be
stabilizing or destabilizing depending on a number of condi-
tions, the latter effect leads to pressure perturbation (Kelvin-
Helmholtz4'5) and shear perturbation6"8 instability mech-
anisms.

If the external gas is inviscid and subsonic, flowing parallel
to the undisturbed surface with a uniform mean velocity, the
pressure perturbation is 180° out of phase with the surface
wave. In this case, the gas pushes down at the troughs and
sucks at the crests of the wave, thereby feeding energy to the
disturbance in the liquid layer. In this model the effect of the
axial component of the pressure perturbation is canceled. On
the other hand, Miles9 showed that if the external gas flow is
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nonuniform, the pressure disturbance lags the wave by less
than 180°. The axial component of the pressure perturbation
can then do work on the wave. A different situation arises if
the external flow is supersonic. Chang and Russell5 showed
that in this case, the pressure perturbation is in phase with
the wave slope, giving rise to maximum energy transfer from
the gas to the liquid through supersonic wave drag.

Nayfeh and Saric10 showed that the cutoff wave numbers
calculated by Chang and Russell for a subsonic flow were
amplitude-dependent in the inviscid case, whereas they are
amplitude-independent in the viscous case. For a supersonic
flow and a viscous liquid, the cutoff wave number is ampli-
tude-dependent. Moreover, their nonlinear analysis shows
that stable linear disturbances die faster, whereas unstable
linear disturbances achieve steady-state amplitude. Nachts-
heim11'12 extended the results of Chang and Russell by show-
ing the importance of the liquid motion and the finite thick-
ness liquid layer. Nayfeh and Saric13 did a nonlinear analysis
of Nachtsheim's model within the long wave approximation
and found the cutoff wave number to be amplitude-depen-
dent. Moreover, at small liquid layer Reynolds numbers, un-
stable disturbances do not grow indefinitely with time, but
achieve steady-state amplitudes.

The analysis and experiments of Craik6 with an incompres-
sible air flow showed that thinner films may be more unstable
than thicker films. This is so when the shear perturbation
has a component in phase with wave slope. In effect, this
shear component tends to pile up the liquid at the wave
crests, a mechanism which becomes most effective when the
liquid layer is very thin. The analysis of Nayfeh and Saric14

extended the work of Nachtsheim and Craik by including an
arbitrary body force and subsonic external flow using the long
wave approximation. A simple relation between the wrave
speed and growth rate was also derived, which was useful in
interpreting the experimental results presented below.

Miles15 examined the possibility of instabilities arising from
the disturbance Reynolds stress in the liquid near the wall.
This is the so-called Tollmien-Schlichting instability mecha-
nism. He found that at sufficiently large liquid Reynolds
numbers, unstable disturbances could exist with propagation
velocities less than the interface velocity. Heretofore,
waves of this type have not been observed at high Reynolds
numbers. The possibility of the existence of the Tollmien-
Schlichting instability in the liquid layer is discussed in
Sec. 3.1.

Experimental investigations of the stability of liquid films
adjacent to concurrent subsonic airstreams have been con-
ducted by Hanratty and Engen,16 van Rossum,17 Cohen and
Hanratty,18-19 Craik,6 and Plate, Chang, and Hidy.20 Except
for Craik,6 all of the experiments were conducted with rela-
ti/ely thick films (greater than 0.05 cm), unlike those that
would be encountered under re-entry conditions. These
thick film experiments show, like Craik's experiments, that in-
creasing the liquid Reynolds number produces a transition
from two-dimensional to three-dimensional waves; however,
they do not show the three-dimensional waves at very low
Reynolds number and very thin films. Little correlation is
expected with their results, since in the present investigation,
the shear levels are an order of magnitude higher and the ex-

Table 1 Tunnel test conditions

THERMOCOUPLES-i

Fig. 1 Sphere- cone
model.

Tunnel designation II III

Mach number
Total pressure, atm
Total temperature, °K
Reynolds number,

m"1 X 10~6

Freestream velocity,
km/sec

Freestream density,
g/mliter X 105

4.95
3.4

800.

1.56

1.12

13.8

4.95
6.8

800.

3.12

1.12

6.9

7.3
17.0

800.

2.87

1.18

6.2

ternal flow is supersonic. Since the experiments reported
here have film thicknesses of the same order as Craik, most
of the discussion will be centered around comparisons with
his work.

2. Description of Experiments

The experiments were conducted in a hypersonic wind
tunnel at Mach numbers of 4.95 and 7.3. The tunnel is a
pebble-bed-heated, intermittent, blowdown-to-vacuum type
with an 18-in.-diam, 48-in.-long test section. Test times were
limited to 45 sec with a frequency of one per hour.

2.1 Models and Instrumentation

Two model configurations were used for the experiments.
Figure 1 is a sketch of the sphere-cone model. The 1-in.-
diam, hemispherical nose tips, manufactured with a special
process by McDonnell Douglas, were made of porous stain-
less steel with permeability coefficients of 5 X 10 ~10 and 1 X
10~10 in.2 Uniformity of the tips was assured since the varia-
tion in permeability was measured to be less than 7%. Six
thermocouples were located as shown in Fig. 1 for measuring
liquid temperature.

The second model configuration is shown in Fig. 2. A 1-in.-
diam cylindrical nose tip is attached to the front of the plate.
In order to insure that all of the liquid expelled through the
nose tip is confined to the upper surface of the model, only
the upper portion of the cylinder is made of porous material.
The shaded region shown in Fig. 2 has an included angle of
75°. The porosity of this tip was 2.5 X 10~10 in.2 with the
same tolerance on porosity as the hemispherical tips. Three
thermocouples were mounted on the upper surface of the plate
as shown in Fig. 2 for measurement of the liquid and plate
temperatures. Approximately two-dimensional flow in the
liquid was maintained by mounting side plates on the wedge.
The sharp leading edges of the sides were located 0.5 in. in
front of the nose tip and the sides extended 1.0 in. above
the upper surface of the model. Based on a study of the
photographic data, the thickness of the liquid was estimated
to be uniform over the model except for a region very close to
the sides where a thickness increase was noted. In addition,
the motion of the waves was in the same direction as the gas
motion and no lateral wave motion was observed. Based on
these observations, it was concluded that if shock waves were
present on the model as a result of the side walls, they did not
create sufficiently strong adverse pressure gradients to cause
any significant effect on the wave or liquid motion.

For both model configurations, the liquid was expelled
through the tips by means of a high-pressure expulsion sys-
tem. It consisted of a reservoir, filters, pressure monitoring

THERMOCOUPLES

Fig. 2 Wedge
model.



1548 W. S. SARIC AND B. W. MARSHALL AIAA JOURNAL

Fig. 3 Water layer on sphere-cone model; r = 190 dynes/
cm2 and R = 100. Scale on figure is 1 cm.

equipment and flow rate metering equipment. Pressure drops
across the tips were held between 35 and 140 atm to prevent
tunnel fluctuations and the spherical pressure distribution
from affecting the flow rates. The flow rates were measured
by recording the pressure drops across orifices that were
calibrated for fluids of different viscosities.

During each run, the tunnel test conditions, the tempera-
tures of the liquid and model, and the liquid flow rate were
recorded on the tunnel computer data system. The interface
response was photographed with high-speed 16 mm and 35 mm
cameras. The 16 mm camera was a 400-frame/sec Millican,
which uses color film, whereas the 35 mm camera was operated
at 100 or 300 frame/sec using a fine grain black and white
film. Timing marks were placed on the film to provide an
accurate means of time resolution. The cameras observed
the cone model through a side window in the tunnel in the
presence of top, bottom, and front lighting provided by high-
intensity tungsten lamps. The wedge, however, was ob-
served from above with side and top lighting. The side plates
on the wedge were made transparent in order to allow as much
light as possible on the liquid surface.

The primary source of the data presented in this paper was
the 35 mm motion pictures. By employing the timing marks
on the film as reference times and the nose tip as a reference
length, we used a Boscar film reader to measure the wave
velocities and wave lengths from the film. After the image
was projected on the screen of the reader, the continuously

adjustable cross hairs were used to locate a wave (chosen at
random) and its position was traced from frame to frame.
The reader keypunched the pertinent data on computer
cards, which in turn were used in a desk computer to calcu-
late the velocity and length of the wave. With this process,
anywhere from 35 to 50 wave speeds were measured and aver-
aged to obtain one datum point.

2.2 Test Conditions

The three tunnel conditions used to obtain the data re-
ported on here are shown in Table 1. The external gas was air.

The Reynolds number of the liquid, based on interface
velocity and liquid depth, was varied by changing the flow
rate for any particular fluid. For a linear velocity profile in
the liquid, the Reynolds number is given by

R = = Q/kv (1)
where Q is the volumetric flow rate of the liquid; v the kine-
matic viscosity, and k a constant given by

or

k = TT • (local cone radius)

k = J • (width of the flat plate)

(2a)

(2b)
The viscosity of the liquid was also varied in order to achieve
an even wider range of depths and Reynolds numbers.
Water and four different water-glycerin mixtures were used.
They are listed in Table 2. The water-glycerin percentages
are approximate and the viscosities were determined by a
viscometer with the mixture at the test temperature. In all
cases, blue, green, or black dye was added to the mixture to
provide a better contrast for the photographic film. The
variation in the surface tension caused by the addition of the
dye was not measured, and nominal values for the appropri-
ate glycerin-water mixtures were utilized in the analyses and
data interpretation. It is well known that in the case of long
waves such as those existing in these experiments, the stability
criteria are relatively insensitive to the variation of the liquid
surface tension. Therefore, the use of nominal surface ten-
sion values was considered acceptable.

The test matrix, shown in Table 3, was chosen to cover a
wide range of Reynolds numbers while staying within the
bounds of liquid thicknesses of 0.01-0.05 cm. In addition, the
tunnel conditions permitted tests at different shear stress at
the same freestream Mach number and tests at different free-
stream Mach number with the same shear stress. In Table 3,
the lowest flow rate are lower limits for good model coverage
during the test.

The gas boundary-layer conditions, such as shear at the
interface and boundary-layer thickness, were calculated using
the BLIMP computer program developed by Kendall and
Bartlett.21 The liquid conditions, such as depth and interface
velocity, were calculated using the BLIMPL program de-
veloped recently by Grose and Kendall.22 BLIMPL is a non-
similar, variable property, boundary-layer solution based on
BLIMP except that it is modified for liquid layers such as
found in transpiration cooling systems. The water calcula-
tions are made by first running BLIMP under conditions of a
gas over water where quasi-steady equilibrium is assumed
between the liquid and the gas at the interface. Interfacial

Table 2 Test liquids

Fig. 4 Water-glycerin layer on wedge; r = 190 dynes/cm2,
R' = 40, M = 5, and v = 7 cp; flow from left to right.

Scale on figure is 1 cm.

Fluid
designation

A
B
C
D
E

% water/
glycerin

100/0
40/60
25/75
15/85
0/100

Density,
g/mliter

1.0
1.15
1.18
1.21
1.26

Viscosity,
centipoise

1.3
7.0

15.0
35.0
70.0



AUGUST 1971 STABILITY OF A THIN LIQUID LAYER 154$

shear and mass transfer along with equilibrium temperature
are calculated. These results are then used as input to
BLIMPL, which in turn calculates the velocity and tempera-
ture distributions in the liquid. Depending on the wall con-
ditions of the liquid and the amount of blowing, an iterative
procedure can be carried out between the two programs to get
the correct results. In the results that follow, only nominal
values of the shear stress are quoted.

The boundary layer was assumed to be laminar for the test
conditions of Table 1 since estimates for the gas transition
Reynolds number were always an order of magnitude greater
than the boundary-layer edge Reynolds number. For the
cone, the transition Reynolds number ranged from 6 X 106

to 8 X 106 and the edge Reynolds number calculated at the
base ranged from 0.2 X 106 to 0.4 X 106. For the wedge, the
transition Reynolds number was about one-half of the cone
values, whereas the edge Reynolds number was approxi-
mately 20% lower than the cone values. The effects of free-
stream Mach number,23 tunnel size,23 wall to recovery
temperature ratio,24 and nose bluntness25"27 were taken into
consideration in making these estimates. The effect of the
liquid layer and the surface waves on transition are still mat-
ters of conjecture.

Mass entrainment was not included in any of the calcula-
tions because of the very low dynamic pressures of the gas
stream. Had we applied the correlation of Gater and L'Ecu-
yer following Gold, we predict entrainment on the order of
2% for the extreme tunnel condition which is well within the
experimental error. In fact, the mass transfer due to the low
tunnel pressure was far more significant.

3.1 Comparison of Wave Characteristics

Figure 3 is a print from the 35mm film of the cone at test
number 26 (see Table 3). The liquid is water at a Reynolds

Fig, 5 Water-glycerin layer on w©dge| r = 240 dynes/cm2*,
R = 40, M - 59 and v = 7 cp$ flow from left to right a

Scale on figure is 1 cm.

number of 100. The waves are clearly axisymmetric and
they move at a velocity of 106 cm/sec, which is slower than
the interface velocity, calculated to be 125 cm/sec. The
slight asymmetries in the wave patterns are due to the pres-
ence of gravity directed transverse to the axis of the cone.
The liquid is slightly thicker on the bottom, which gives rise
to a higher wave speed. The edge of the photo represents an
axial location of 9.0 nose radii from the tip. Figures 4 and 5
are prints from tests 4 and 13, respectively. They illustrate
the effects of the external gas conditions on the interface
wave structure. The waves in Fig. 4 possess longer lateral

Table 3 Calculated test conditions

Test conditions Calculated conditions

Test
Model number

1
2
3
4
5
6
7

8
9

Wedge 10
11
12
13

14
15
16
17
18
19
20

21
22

Sphere-cone 23
24
25
26
27

Tunnel Liquid
designa- designa-

tion tion
(Table 1) (Table 2)

I E
B
B
B
A
A
A

II E
E
B
B
B
B

III E
E
B
A
A
A
A

I D
A

II D
C
B
A
B

Flow
rate,

mliter/sec

2.42
4.22

10.5
19.0
10.1
12.2
15.8

1.58
2.42
4.22
7.88

10.5
19.0

1.58
2.42

10.45
10.5
11.9
15.6
22.6

1.2
15.8

1.33
2.25
7.9
7.9
7.9

Film
thickness,

cm

0.031
0.015
0.024
0.031
0.010
0.013
0.014

0.024
0.025
0.013
0.018
0.020
0.027

0.028
0.033
0.023
0.010
0.011
0.013
0.015

0.021
0.015

0.017
0.016
0.020
0.015
0.023

Interface
velocity,
cm/sec

9.8
39.6
67.0
82.2

155.0
164.0
189.0

9.1
12.2
45.7
61.0
76.0
96.3

8.5
9.1

64.0
149.0
161.0
184.0
216.0

19.0
218.0

19.0
20.0
61.0

125.0
70.0

Shear
stress,

dyne/cm2

200
200
200
170
190
185
170

260
290
260
260
250
260

190
180
180
180
190
180
160

150
135

190
190
190
190
260

Reynolds
number

Uh/p
0.5
9.0

22.5
40.0

120.0
140.0
195.0

0.33
0.5
9.0

17.0
22.5
40.0

0.33
0.5

22.5
120.0
136.0
179.0
260.0

0.55
225.0

0.6
3.0

20.0
100.0
24.0

Weber
number
pU2h/<r

0.052
0.41
1.796
2.91
3.34
4.86
6.95

0.035
0.065
0.453
1.12
1.93
4.0

0.035
0.048
1.57
3.1
4.0
6.11
9.85

0.133
9.9

0.107
0.102
1.19
3.26
1.8

Froude
number
U*/gh

3.16
102.0
191.0
222.0

2452.0
2111.0
2604.0

3.52
6.08

164.0
211.0
295.0
351.0

2.63
2.56

182.0
2265.0
2404.0
2657.0
3132.0

17.5
3233.0

21.7
25.5

190.0
1063.0
217.0
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REYNOLDS NUMBER, R

Fig. 6 Dimensionless
wave speed vs Reynolds
number. Error bars
indicate extremes of

all data.

spans and larger wavelengths than the waves shown in Fig. 5.
This change was made to occur by increasing the interface
shear and keeping all other parameters the same. Although
the waves in Fig. 4 are interconnected and are also distorted
and curved, they are not as irregular as the waves shown in
Fig. 5. In Fig. 4, individual waves can be identified, whereas
in Fig. 5 the dominant feature is one of a totally intercon-
nected pattern of smaller waves. The irregular waves on the
cone were identical in appearance to those shown in Fig. 5
except for a longer wavelength. As a rule, the wedge had a
greater tendency to have irregular waves than the cone under
identical test conditions. This is due in part to the different
external flowfields, surface pressurer and the larger span of the
wedge. All waves observed can be classified as long waves.
That is, the dimensionless wavelength, given as the dimen-
sional wavelength normalized by the liquid depth (\/h), is a
large number.

Figure 6 shows the dimensionless wave speed c as a func-
tion of Reynolds number. The measured wave speeds V
were normalized with the interface velocity U obtained from
the calculations described in Sec. 2.2. Each datum point in
Fig. 6 represents an arithmetic average of 35-50 film readings
taken at various times during the run. The irregular fast
waves resembled those of Fig. 5 and are discussed in Sec.
3.2. The slow waves appeared aperiodic, and it was very dif-
ficult to determine a characteristic wavelength beyond the
Reynolds numbers shown. Since low Reynolds number data
were obtained by using the larger viscosity mixtures, the
thickness was substantially larger for low Reynolds number
data than for the high Reynolds number data. This can be
seen for a linear velocity profile where

r = pv U/h = PU2/R = p(v/hYR (3)

with T the interface shear. Equation (3) shows that changes
in viscosity with R and T fixed may also be interpreted as
depth effects and vice versa.

The interesting result here is the presence of slow waves in a
high Reynolds number, small thickness regime. Here, slow
waves are defined as waves moving at a velocity which is less
than the calculated interface velocity of the liquid, i.e., c < 1.
All of the large Reynolds number data of Craik6 and Cohen
and Hanratty18 showed fast waves (c > 1), although Craik's
values of R did not extend to the extreme values of Cohen and
Hanratty or to those presented here where c < 1. Cohen
and Hanratty18 also did an analysis valid for large Reynolds
numbers by using the method outlined by Miles8 for calculat-
ing the stress perturbations on the interface. They only con-
sidered solutions where c > 1 and thus were able to correlate
these results with the experimental observations. Since the
observation of slow waves is a significant result, it appears
that there are a number of important considerations which
must be addressed in order to explain their appearance in our
experiments.

First, it is appropriate to mention the reliance on the com-
plicated boundary-layer calculations described in Sec. 2.2.
A gross overestimation of the interface velocity could be giv-

ing misleading results. However, since the nominal values
of the dimensionless wave speeds are in the neighborhood of
0.7, to place most of the wave speed data above c = 1.0, the
calculated interface velocity must be 1.4 times the actual
interface velocity. This means that the calculated shear
stress must be twice the actual shear stress. This error
could come from the inability to predict the shear for the un-
disturbed liquid flow or from a change in the shear stress field
due to the appearance of waves, or both. Although an error of
this magnitude seems unlikely for laminar boundary-layer
calculations, it is probable that the calculations contain some
inaccuracies. However, it is not thought that this alone con-
stitutes the complete explanation of the data.

A plausible source of slow waves is the Tollmien-Schlichting
instability mechanism proposed by Miles15 for liquid layers
that may be operative in this range of Reynolds numbers.
That is, the unstable disturbances receive their energy from
the mean flow of the liquid rather than from the gas. The
disturbances receive their energy from the mean flow of the
liquid or the gas depending on whether the wave speed is less
than or greater than the interface velocity. Miles concluded
that a necessary condition for instability, assuming a Toll-
mien-Schlichting mechanism, is

#>203 and l/W + l/ct^F < (4)

where R, W, and F are the Reynolds, Weber, and Froude
numbers defined in Table 3 and a = 2irh/ X is the dimension-
less wave number. The condition on W and F is satisfied for
over half of the slow wave cases, whereas the inception of slow
waves occurred near R = 100. Therefore, Eq. (4) is in agree-
ment at least within an order of magnitude with the experi-
ments. Examination of the data of Fig. 6 reveals a subtle,
monotonic change in dimensionless wave speed with changes
in R. However, in examining Fig. 7, which shows the varia-
tion of the dimensional wave speed V with #, it is apparent
that in the region of R = 100, there is a definite "dog-leg"
in the data, which further suggests a change in wave behavior.
The c > 1 mechanism of Cohen and Hanratty18 apparently
becomes inoperative in these experiments at high Reynolds
numbers. Both the higher shear stress and the thinner layer
contribute to a greater viscous dissipation at the interface,
which tends to reduce the destabilizing effects of the stress
perturbations and allow disturbances to receive their energy
from the average velocity profile in the liquid. In addition,
the shear perturbations are being reduced as l/R, while com-
pressibility effects may be modifying the velocity profiles and
values of skin friction to the point where the models of Miles9

or Craik-Benjamin7'6 are no longer applicable.
Another explanation of the existence of slow waves is the

nonlinear motion of the liquid layer. Craik22 showed that
this nonlinear motion reduces the wave speed to a value that

250

£200

• 260 dyne-cm
WEDGE, M = 5

= 190 dyne-cm
WEDGE, M = 5

= 190 dyne-cm
WEDGE, M = 7.3

= 190 dyne-cm
CONE, M = 5

= 150 dyne-cm
CONE, M = 5 Fig. 7 Dimensional

wave speed vs Reynolds
number. Solid, dashed,
and dash-dot lines are

trends of data.

REYNOLDS NUMBER, R
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is smaller than the interface velocity and hence could be an
operative mechanism in this range of Reynolds numbers.
In fact, in the face of other experimental data, one would be
more likely to assume that this is the case rather than the
Tollmien-Schlichting instability. However, if the Reynolds
number is increased beyond the largest values of Table 3, no
discernible wave pattern is apparent. High-speed motion
pictures show the motion of the liquid to be chaotic and ran-
dom, suggesting a turbulent motion in the liquid layer. By
analogy to boundary-layer stability, this apparent transition
to turbulence makes the conjecture of a Tollmien-Schlichting
mechanism more plausible.

Although the evidence is far from conclusive, the preceding
observations suggest that the Tollmien-Schlichting mecha-
nism may be the dominant mechanism. Further experimental
work should be directed toward including detailed flowfield
measurements which could answer some of the questions
raised here.

3.2 Comparison of Fast Waves with Theory

It is generally recognized that the Kelvin-Helmholtz in-
stability is likely to occur with an airflow over a very viscous
liquid.4 It is possible to examine the behavior of the fast
waves observed here by using the physical model of Nachts-
heim11'12 described in Chap. 1. That is, the external gas is
assumed inviscid and supersonic and its essential effects are to
produce the mean shear flow in the liquid and to support
pressure perturbations that are in phase with the wave slope.
The shear perturbation model of Craik is probably not im-
portant here because of the relatively thick layers and the
large values of the pressure perturbation in the gas.

The calculations of Nachtsheim required the numerical
solution of the Orr-Sommerfeld equation, and his results were
presented for conditions of fixed Weber and Froude numbers
which are not met in the experiments reported on here. There-
fore, a different solution technique is employed. As an ex-
tension of Nachtsheim's work, Nayfeh and Saric13'14 de-
veloped approximate solutions for long wavelengths for the
linear and nonlinear problems. The disturbance stream func-
tion was solved for by assuming a perturbation solution in
powers of the dimensionless wave number a.

The linear solutions for the dimensionless wave speed cr
and the dimensionless amplification rate c,- are14
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Fig. 9 Comparison of measured wave numbers with
theory at different Reynolds numbers. Solid symbols and

lines are calculations with Eq. (5).
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where

T = a ( 1 \1/2
a2 = — ( -^rr 1 a2: reciprocal Weber numberv \rR3p/

(6a)

yh f p8 V/2
G — —^ = vg I -r= J : reciprocal Froude number (6b)

(j \^" /
A = a2/Cf(M* — 1)1/2: pressure perturbation (6c)

r/pJJ«?\ friction coefficient (6d)
The body force per unit mass is directed from the liquid to

the gas and the rest of the notation is standard. The unusual
forms of T and G are from Eq. (3) and reflect the experi-
mental conditions. That is, r is an external gas condition and
R is proportional to the flow rate; therefore, T and G are not
independent parameters. Once the fluid properties are fixed,
R and r are the remaining independent parameters. The
behavior of the disturbance growth rate ac,-, calculated from
Eq. (5b) for this model, is illustrated in Fig. 8. This is es-
sentially a frequency response curve for the case of in-
finitesimal initial conditions. The small wave number dis-
turbances are stable due to the shear in the liquid and the
body force directed from the gas to the liquid. The very
large wave number disturbances are stable because of the
stabilizing effects of surface tension. The intermediate re-
gion, bounded by the cutoff wave numbers aci and «C2, is the
region of unstable modes where we expect our observed wave
numbers to lie. The comparison of the solutions of Eq. (5)
with a numerical solution of the complete problem shows
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that Eq. (5) can correctly predict the first cutoff wave num-
ber. In addition, it can predict the amplification rate and
wave speed for wave numbers slightly larger than this cutoff
wave number.14

Figure 9 is a comparison of the experimentally observed
wave numbers with the first cutoff wave number calculated
from Eq. (5b). Two important features can be noted.
First, all of the observed wave numbers are greater than the
calculated cutoff values and hence are in the unstable range
indicated in Fig. 8. For most of the cases, numerical solu-
tions of the complete eigenvalue problem show that the
maximum growth rate occurs at acrit = 0(3) and that the
second cutoff wave number occurs at aC2 = 0(10) so that on a
relative scale, the observed values are the same order of mag-
nitude as the cutoff values. The nonlinear analysis of Nayfeh
and Saric13 indicates that a finite amplitude has a stabilizing
effect and that unstable disturbances do not grow indefinitely
with time but achieve steady-state amplitudes.

The second observation is the ability of the linear theory to
correctly predict the destabilizing trends of the shear and
Reynolds number. As the cutoff wave number is decreased,
the range of unstable wave numbers is increased. In addi-
tion, for unstable wave numbers, the magnitude of the
growth rate is increased.14 These destabilizing effects can be
seen in Eq. (6), where both T and G (which are stabilizing)
are decreased with an increase in r or R. Furthermore, an
increase in viscosity is stabilizing since G is the dominant term
here (see Table 3). The dimensional wavelength data upon
which Fig. 9 is based are shown in Fig. 10. These are the
actual measured quantities taken from the motion picture
film and are not based on boundary-layer calculations. The
data show that in the low Reynolds number range, the wave-
length increases until the more regular and slow waves are
experienced.

It appears from the above observations that the supersonic
pressure perturbation is the dominant instability mechanism
in the low Reynolds number range and that the linear theory
can predict data trends based on this mechanism.

3.3 Effect of Radius of Curvature and Mach Number

The effect of radius of curvature can be seen from compar-
ing the wedge and cone data for similar conditions. From
Figs. 6, 8, 11, and 12, the cone generally had a lower dimen-
sionless and dimensional wave speed. More importantly, the
observed wave number was smaller while cf(M2 — 1)1/2 «
0.004 for both the cone and wedge at the tunnel condition I
given in Table 1. Interpreted in the light of the calculations
in Sec. 3.2, the flow over the cone may be more unstable.
A recent analysis,29 based on the linear stability model de-
scribed in Sec. 3.2 and including the ratio of the liquid depth
to body radius, predicts this observation. All of the calcu-
lated cutoff wave numbers based on the experimental condi-
tions are lower than those calculated using the two-dimen-
sional model, which can be interpreted as destabilizing.

The effect of Mach number changes at constant shear (at
test conditions I and III listed in Table 1) is inconclusive.
The results of Nayfeh and Saric14 showed that an increase in
Mach number was stabilizing due to a reduction in the wave
drag. However, because of blunt body effects, the boundary-
layer edge Mach number was essentially identical for all of
the runs. Examination of Figs. 6, 8, 11, and 12 shows that
the M = 7 runs had lower dimensionless and higher dimen-
sional wave speeds than the M = 5 runs, whereas the values
of a and X were scattered within the experimental error.

4. Concluding Remarks

The experimental investigation of the response of a liquid
film interacting with a laminar supersonic gas stream has
been conducted using a blunt cone and a blunt wedge as
models. Waves were observed under all circumstances.
The wave speed and wave length were measured from high-
speed motion pictures while the film properties were calcu-
lated using a newly developed liquid layer computer code.

The nondimensional wave speed was found to decrease
monotonically with increasing R from a value greater than
the calculated interface velocity (fast waves) to a value
lower than the calculated interface velocity (slow waves).
The transition from fast waves to slow waves appeared to
occur in the neighborhood of a Reynolds number of 100.
The slow wave results were shown to be within an order of
magnitude agreement with the Tollmien-Schlichting model of
Miles.15

In the low Reynolds number range, the results were com-
pared with an inviscid, supersonic external gas model11'14 and
agreement was found between the calculated and observed
wave number and wave speed functional dependence on shear
and Reynolds number. Furthermore, the Reynolds number
and shear stress were found to be destabilizing, whereas the
viscosity was found to be stabilizing.

The experimental data suggest that the liquid flow on a
cone may be more unstable than that on the wedge. The ef-
fect of freestream Mach number was inconclusive because of
blunt body effects.
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An Analysis and Application of the Time-Dependent
Turbulent Boundary-Layer Equations

HENRY MCDONALD* AND STEPHEN J.
United Aircraft Research Laboratories, East Hartford, Conn.

The momentum and kinetic energy integral equations are derived for a compressible two-
dimensional turbulent boundary layer with time-dependent mean velocity and density fields.
The integral equations are used in conjunction with an assumed velocity profile family to pre-
dict the effect of small time-varying disturbances in the inviscid flow upon the behavior of a
flat plate turbulent boundary layer. The prediction procedure is also used to investigate the
possibility of dynamic coupling between small time-dependent disturbances in the inviscid
flowfield and the resulting induced fluctuations arising from boundary-layer displacement
effects. When applied to the flowfield resulting from a shock wave-boundary-layer inter-
action, the analysis predicts that certain disturbances couple with the boundary layer in an
unstable manner and, thus, the analysis offers an explanation for an instability observed to
occur in certain shock wave-boundary-layer interaction flowfields.
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Nomenclature
= skin-friction coefficient
= shape factor
= dissipation length
= mixing length
= Mach number
= pressure
= turbulence intensity
= adiabatic wall temperature
= wall temperature
= time
= streamwise velocity
— convection velocity
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UT — friction velocity
u* — Van Driest velocity
v = transverse velocity
x — streamwise coordinate
y = transverse coordinate
5 = boundary-layer thickness
5* = displacement thickness
7 = specific heat ratio
0 = momentum thickness
BE = kinetic energy thickness
0e — outer edge flow angle
0P = integral quantity defined by Eq. (12)
X = disturbance wavelength
p = density
T = shear stress
co = disturbance frequency

Subscripts
e = quantity evaluated at outer edge of boundary layer
u = integral evaluated at constant density
w = quantity evaluated at wall


